Three-dimensional control is considered in the flow past a backward-facing step (BFS). The BFS flow at Reynolds number Re = 500 (defined with the step height and the maximum inlet velocity) is two-dimensional and linearly stable but increasingly receptive to disturbances, with a potential for amplification as the recirculation length increases. We compute optimal spanwise-periodic control (steady wall blowing/suction or wall deformation) for decreasing the recirculation length, based on a second-order sensitivity analysis. Results show that wall-normal velocity control is always more efficient than wall-tangential control. The most efficient spanwise wavelength for the optimal control depends on the location: β = 0.6 on the upper wall and β = 1 on the upstream part of the lower wall. The linear amplification of the optimal control resembles the maximum linear gain, which confirms the link between recirculation length and amplification potential in this flow. Sensitivity predictions for blowing/suction amplitudes up to O(10 −3 ) and wall deformation amplitudes up to O(10 −2 ) are in good agreement with three-dimensional direct numerical simulations. For larger wall deformation amplitudes, the flow becomes unsteady. This study illustrates how the concept of second-order sensitivity and the associated optimization method allow for a systematic exploration of the best candidates for spanwise-periodic control.
I. INTRODUCTION
The flow over a backward facing step (BFS) is a quintessential example of a noise amplifier flow. Any small perturbation initially applied either decays in time or is progressively convected downstream of the perturbation source, letting the flow eventually return to its base flow configuration. In terms of global linear stability properties, the BFS flow for an expansion ratio of 2 was found globally stable to two-dimensional (2D) perturbations regardless of the Reynolds number. In contrast, three-dimensional (3D) perturbations periodic in the spanwise direction first become statically unstable, for Re ≥ 748 [1] , where the Reynolds number Re = U in h/ν is defined with the maximum incoming velocity U in , the step height h and the kinematic viscosity ν. Despite their asymptotic decay, 2D perturbations can undergo large amplification in space and time due to non-normal effects [2] , in accordance with the locally convectively unstable nature of the flow [3] .
From a practical point of view, the flow over a BFS is of importance since it serves as a prototype of several non-parallel flows in complex geometries such as in airfoils, cavities and diffusers. The BFS geometry facilitates the study of both the flow separation and the flow reattachment, thus incorporating the two most prominent features of separated flows. While several techniques based on a practical approach exist for flow control in such geometries, the application of the theory of optimal flow control to separated flows has only started quite recently.
Among the empirical flow control approaches, the use of spanwise-periodic structures is particularly promising. In the context of flow separation, [4] have demonstrated that using arrays of suitably shaped cylindrical roughness elements, streaks can be artificially forced on the roof of a generic car model, the so-called Ahmed body, which suppress the separation around the rear-end. More generally, spanwise wavy modulations have been recognized, mainly through an iterative trial and error method, as an efficient method of control in several flow configurations: for flows past bluff bodies to regulate vortex shedding [5] [6] [7] [8] [9] , for circular cylinders [10] [11] [12] [13] [14] , for rectangular cylinders [15] and in airfoils [16, 17] , to name a few.
The effectiveness of steady spanwise waviness to control nominally two-dimensional flows has been rationalized through the generalization of linear sensitivity analysis [18, 19] to second order. In the case of spanwise-periodic control of 2D flows, the linear sensitivity indeed vanishes at first order and the leading-order variation eventually depends quadratically on the 3D control amplitude [20] [21] [22] . This dependence has been already established through the works of Hwang et al. [23] , Del Guercio et al. [24, 25, 26] and Tammisola et al. [27] . The control effectiveness relies on two main features: the linear amplification potential of spanwise-periodic disturbances through amplification mechanisms like the lift-up mechanism, and the quadratic sensitivity of the flow on the resulting flow modifications.
In this study, we use the reattachment length as proxy for the noise amplifying potential of the separated flow in conjunction with a quadratic sensitivity analysis. The significance of the reattachment location as an indicator of the flow stability has already been substantiated through the works of Sinha et al. [28] and Armaly et al. [29] . More recently, Boujo and Gallaire [3, 30] investigated the link between recirculation length and stability properties in separated flows. They found that the reattachment point was highly sensitive to the control, with its sensitivity map deeply resembling that of the backflow area and recirculation area.
Further, these three sensitivity maps resembled closely that of the optimal harmonic gain, implying that the flow becomes a weaker amplifier as the recirculation length decreases, i.e.
as the reattachment point moves upstream.
In this direction, we aim to exploit the amplification potential of the stable flow in a 3D BFS to design optimal control strategies, such that the smallest required control amplitude is capable of influencing the recirculation strength, here quantified by the recirculation length.
We thereby build on the framework of Boujo et al. [31] , designed to control optimally the growth rate of a nominally 2D flow using steady spanwise-periodic perturbations, which we extend here to the optimal quadratic control of the recirculation length. We derive a secondorder sensitivity tensor, whose scalar product with any small-amplitude control yields the modification in reattachment location. Figure 1 shows the optimal spanwise-harmonic control in a BFS of expansion ratio 2.
The geometry is bounded by x ∈ [−5 50] and y ∈ [0 2]. The spanwise width is fixed at z = [0 2π/β] where β is the wavenumber of the control. We aim at optimizing the reattachment location using wall actuation ( Fig. 1(a) ) or wall deformation ( Fig. 1(b) ). The Reynolds number is fixed at Re = 500 throughout the analysis. This ensures that the flow is linearly stable to the steady 3D instability that occurs at Re = 748 with spanwise wavenumber β = 0.9 [1] .
The paper is organized as follows. Section II describes the problem formulation, the general expression of the second-order sensitivity tensor, and the optimization procedure used to compute the optimal control. Section III presents the numerical methods used for the sensitivity analysis and the optimization, as well as for 3D direct numerical simulations dedicated to validation. Global stability properties of the 2D uncontrolled flow are discussed in Sec. IV. The optimal wall actuation and wall deformation for minimizing the lower reattachment location are detailed in Sec. V. We briefly discuss the limitations of the approach in Sec. VI, before concluding in Sec. VII.
II. PROBLEM FORMULATION A. Governing equations
We consider a steady 2D base flow Q(x, y) = (U, P )
Ω of boundary Γ, that satisfies the incompressible steady Navier-Stokes equations
with N (Q) ≡ U · ∇U + ∇P − Re −1 ∇ 2 U, and Re the Reynolds number.
If there is a recirculation region, with reattachment occurring on a wall defined by y = y w (x), then the reattachment location x r is characterized by vanishing wall shear stress,
i.e. vanishing normal derivative of the tangential velocity. For the sake of simplicity, we now focus on the BFS flow: at the horizontal wall y = 0, the reattachment location reduces to ∂ y U (x r , 0) = 0; in addition, the flow separates at the step corner x s = 0, so the recirculation
We assume that a 3D steady control of small amplitude is applied on a boundary Γ c with actuation velocity U c (x, y, z), and possibly in the volume with body force C(x, y, z):
This 3D control modifies the 2D base flow as
where the Q i are solutions of the modified base flow equations at orders 0 , 1 and 2 :
and where A 0 is the Navier-Stokes operator linearized about the zeroth-order base flow Q 0 ,
The control and the resulting flow modification alter the reattachment location as
In this expression, x r0 is the reattachment location of the uncontrolled flow Q 0 ,
Similarly, the first-order variation x r1 (z) is the reattachment location of the first-order flow modification Q 1 , characterized implicitly by a vanishing wall shear stress condition,
and expressed explicitly as [3, 30, 32] :
The explicit dependence on z in the notation x r1 (z) in (14)- (15) is meant to emphasize that the reattachment line is modulated in the spanwise direction. When the control is harmonic in z, as considered in this study, it can actually be shown that Q 1 and x r1 are purely harmonic too. As a result, the first-order variation x r1 (z) has a zero mean. In contrast, the second-order variation x r2 (z) has a non-zero mean in general: as detailed in Appendix A, it reads
This expression shows that the reattachment location is modified at second order via two effects: x r2,I depends linearly on the second-order flow modification Q 2 , and x r2,II and x r2,III depend quadratically on the first-order flow modification Q 1 .
B. Sensitivity of the reattachment length: general expression
We introduce the field I and the operators II and III such that the second-order variation x r2 can be expressed with scalar products,
where the three terms of the right-hand side correspond to the three terms of (16) (16)- (17):
where δ(x, y) is the 2D Dirac delta function, and the superscript † denotes the adjoint of an operator defined as (a | b) = † a b . Note that I , II and III depend only on U 0 . From (10), Q 2 is uniquely determined by Q 1 , such that the first term of the right-hand side of (18) can be expressed as
where we have introduced the 2D adjoint base flow U † (x, y), defined by
with A † 0 the adjoint Navier-Stokes operator. The adjoint base flow, depicted in Fig. 2 , depends only on U 0 , and is the same adjoint base flow U † as in [3, 32] where it represents the first-order sensitivity of the reattachment location x r to a steady 2D volume forcing.
In the last equality of (22), we were allowed to introduce an operator I (dependent on U † ) because the expression is quadratic in U 1 . The second-order variation can therefore be expressed quadratically in any flow modification U 1 via a single operator for second-order sensitivity to flow modification:
Finally, using (9), one can introduce operators for the second-order sensitivity to control, dependent only on the uncontrolled flow U 0 , and such that for any control:
where
and
Here P is the prolongation matrix that converts the velocity-only space to velocity-pressure space such that PU = (U, 0) T and P T Q = U, and A 0,C and A 0,Uc are defined by the volume-control-only and wall-control-only versions of (9), respectively:
C. Simplification: spanwise-harmonic control
Let us now assume a spanwise-harmonic control of the form
The first-order flow modification is also spanwise-harmonic, of same wavenumber β:
The quadratic term −U 1 · ∇U 1 in (10) is then the sum of 2D terms (spanwise-invariant terms, of wavenumber 0) and 3D terms (of wavenumber 2β), which we denote f 2D (x, y) + f 3D (x, y, z). As a result, the second-order flow modification has the same form:
2 (x, y, z). Similarly, the second and third terms in (16)- (17) and (18) have the same form too, and finally the second-order reattachment location modification reads
Because x 3D r2 (z) is harmonic of zero mean, we now focus on the spanwise-invariant component x 2D r2 . Its expression can be simplified, taking advantage of the specific form (30) of the control:
where 2, C and 2, Uc are spanwise-invariant versions of the second-order sensitivity operators (26)- (27) (see detailed expressions in Appendix B). The advantage of this simplification is that calculating the sensitivity operators (and, later, finding the optimal control) can be performed with 2D fields and tensors, rather than 3D ones, which greatly reduces the computational cost and memory requirements. of the lower wall, with amplitude = 0.003 (see Fig. 8 for the actuation vector). As shown in the sketch of Fig. 3(b) , the reattachment location x r (z) is decomposed into zeroth-order x r0 (uncontrolled), first-order x r1 (z) (of zero mean), and second-order x r2 . As mentioned earlier, the second-order component is further divided into a zero-mean 3D part x 3D r2 (z) and a mean 2D part x 2D r2 . Therefore, the spanwise-averaged reattachment location is
which is our control interest. The second-order variation x
2D
r2 is now referred to as mean correction.
D. Optimal spanwise-periodic control
In this section, we show how the spanwise-harmonic control can be optimized so as to yield the largest possible effect on the reattachment location. The formulation is similar to [31] , where the control was optimized for the largest effect on the linear stability properties (growth rate or frequency, i.e. real or imaginary part of the complex eigenvalue), except that here all quantities are real. We only describe the optimization procedure for boundary control U c ; the derivation for volume control C is similar.
Optimal spanwise-periodic wall actuation
If the recirculation length is to be reduced, the mean correction can be minimized by solving the following problem:
This indicates that, for any given wavenumber β, the smallest (largest negative) eigenvalue of the symmetric operator
is the smallest (largest negative) mean correction, and the corresponding eigenvector U c is the optimal wall control. Similarly, if the recirculation length is to be increased, the mean correction can be maximized by finding the largest positive eigenvalue and the associated eigenvector.
Optimal spanwise-periodic wall deformation
For open-loop control, deforming the geometry can be more interesting than using a steady wall velocity actuation. It is possible to compute the optimal wall deformation, noting that an equivalent wall deformation can be deduced from a given wall blowing/suction control [31] . On wall boundaries, the velocity should vanish; for a small-amplitude wall-normal deformation y 1 , this condition yields (with a Taylor expansion):
Noting that U 0 (y 0 ) = 0, this gives the relation between wall-normal deformation y 1 and equivalent tangential velocity U c :
Therefore, considering spanwise-harmonic wall-normal deformations of the form
the mean correction can now be expressed as
where M is a weight matrix accounting for the wall shear stress ∂ y U 0 (y 0 ) of the uncontrolled flow. Finally, the optimization for wall-normal deformation reads
III. NUMERICAL METHOD
A. Linear analysis and optimization
The sensitivity analysis and the optimization are conducted using the method described in [3, 31, 32] . The problem is discretized with a finite-element method using FreeFem++ The domain is discretized with a structured multiblock grid consisting of 36200 and 72400 spectral elements for the spanwise widths 2π/β and 4π/β, respectively.
IV. LINEAR STABILITY PROPERTIES OF THE 2D UNCONTROLLED BASE FLOW
In this section, we investigate the characteristics of the uncontrolled base flow. The BFS flow separates at the step corner and reattaches downstream, thus forming a recirculation region. For the BFS of expansion ratio 2 at Re = 500, there exist two recirculation regions:
one on the lower wall developing for x ∈ [0 10.87], and another one on the upper wall for
x ∈ [8. 7 17.5] . In this section, we discuss some linear characteristics of the uncontrolled 2D base flow.
A. Global linear stability
We first investigate the eigenvalues of the system. We assume normal mode perturbations q = q(x, y) exp(λt+iβ 0 z) of small-amplitude, complex eigenvalue λ, and real spanwise wavenumber β 0 . We use the subscript 0 to denote the eigenmode wavenumber (to be distinguished from the control wavenumber β). We solve the generalized eigenvalue problem is localized in the lower recirculation region x < 10 .
B. Optimal 3D steady forcing
For linearly stable flows, it is interesting to investigate what kind of disturbances undergo the largest amplification. Here we consider in particular a steady spanwise-harmonic forcing f = f (x, y) exp(iβz) acting on the wall boundaries, and resulting linearly in a steady spanwise-periodic response q = q(x, y) exp(iβz) via
where B f limits active forcing regions to the walls. The linear amplification efficiency can
be measured with a linear gain, for instance as the ratio of the norms of the forcing velocity and response velocity: This ratio can be maximized: the linear optimal gain is given by the largest singular value of the resolvent operator (here with zero frequency) and the optimal forcing is the associated singular vector [3, 36] .
The optimal gain for steady wall actuation is shown in Fig. 4 as function of the forcing spanwise wavenumber. The maximum optimal gain G = 326 is reached for β = 0.1, the same wavenumber as the least stable eigenmode. Qualitatively, the optimal gain varies with the spanwise wavenumber like 1/|λ| for the leading global mode. This result illustrates the ε-pseudospectral property [37, 38] . Some selected optimal responses are depicted in Fig. 6 .
As expected, the optimal responses for β = 0.1 and β = 1 are similar to the eigenmodes at the same wavenumbers. For β = 0.5, the optimal response is slightly different from the global mode since the latter has a non-zero frequency while the response is steady.
V. RESULTS: OPTIMAL CONTROL FOR LOWER REATTACHMENT LOCA-TION
We now turn our attention to the optimal spanwise-harmonic control: wall actuation (blowing/suction) in Sec. V A, and wall deformation in Sec. V B. All results are given for Re = 500.
A. Optimal wall actuation Figure 7 (a) shows the optimal negative mean correction x
2D
r2 as a function of β. Several wall actuation scenarios are considered:
• on the upper wall, with normal velocity V c ;
• on the upstream lower wall, with normal velocity V c ;
• on the upstream lower wall, with tangential velocity U c .
Recall that 3D velocity controls are defined as (U c , V c , W c )(x, y, z) = ( U c (x, y) cos(βz), V c (x, y) cos(βz), W c (x The wall restriction is implemented by modifying the prolongation matrix P. The linear gain G for these controls is shown in Fig. 9(a) (solid lines) . Here the gain is calculated as the ratio between the response || U 1 || and the control || U c ||. The optimal gain obtained when maximizing (45) with wall restriction is also shown in Fig. 9(a) (dashed lines) .
Wall-normal control
The gain obtained by maximizing x r2 and G itself are close each other, except for lowest β values. The corresponding flow modifications U 1 and u (not shown) are very similar to each other too. This indicates that the amplification potential of the system is closely related to the recirculation length x r , as reported in [30] . For larger amplitudes in the investigated range, DNS results start to differ due to strong nonlinear effects, but x r continues to decrease. 
B. Optimal wall deformation
We now investigate the optimal wall deformation for minimizing the lower reattachment point. We focus on the upstream lower wall. The wall deformation is computed using (42),
and we apply to y 1 the smoothing filter F w = 1/(exp(2C k (x + x S )) + 1), with C k = 250 and x S = 0.02, to avoid singularity at the step corner where ∂ y U 0 goes to infinity. Figure 10 shows the effect of the optimal control x 2D r2 as a function of β. The most effective spanwise wavenumber is β = 1.1, similar to the wall blowing/suction case, but the efficiency is much lower (minimum x 2D r2 about 15 times smaller). This is due to the fact that wall deformation is equivalent to a tangential velocity U c , which has a much smaller effect than normal velocity V c on x r2 (recall Fig. 7) . Although less effective, wall deformation on the upstream lower wall still results in the mean correction x y 1 =ỹ 1 cos(βz)). The wall deformation is maximum just before the step corner, where the flow separates. The mean reattachment location from 3D DNS is shown in Fig. 11(a) .
A good agreement is found until = 0.0075. At this point, x r is decreased to 10.7: a deformation amplitude equal to 0.75% of the inlet channel and step heights reduces the mean reattachment location by 1.5% . For larger deformation amplitudes ( > 0.01), DNS results depart from the sensitivity prediction. Boujo, Fani and Gallaire [22] reported the destabilizing effect of spanwise-periodic control in parallel shear flow. They showed that both fundamental β and sub-harmonic β/2 modes can be excited due to a sub-harmonic resonance mechanism [23, 39] . In our DNS with a spanwise domain extended to two control wavelengths (z ∈ [0 4π/β]), and thus able to accommodate perturbations of wavenumber as small as β/2, perturbations do not show any sub-harmonic component. Instead, only harmonics of nβ (n = 1, 2, 3...) exist, as observed in Fig. 12(b) .
VI. DISCUSSION
Although the optimization procedure finds the most efficient spanwise-harmonic control, the effect on the mean recirculation length appears relatively small. In light of this observation, it is worth comparing the optimal 2D and 3D blowing/suction. One can show that the optimal 2D wall control is equal to the sensitivity to 2D wall control, given by the adjoint stress at the wall P † I + Re −1 ∇U † n, where (U † , P † ) is the adjoint base flow (see Sec. II B) and n the outward unit normal vector [3, 30, 32] . Since the tangential component is generally much smaller than the normal one, we simply consider the sensitivity to 2D normal actuation as the optimal control (0, V c ). that is qualitatively similar to δU, resulting in a positive wall shear stress ∂ y U 2D 2 , and therefore a negative x r2,I (we do not investigate x r2,II and x r2,III since they are much smaller, as shown in Fig. 7 ). Fig. 14 shows the same quantities optimized on the upper wall (β = 0.6 for the 3D control), and again a qualitatively similar wall shear stress. Although U 2D 2 is much larger than δU, it must be kept in mind that 2D and 3D controls of the same amplitude yield a 2D modification that scales linearly (∼ δU) and a 3D modification that scales quadratically (∼ 2 U
2D
2 ), respectively. Spanwiseperiodic controls should therefore become more efficient for large enough amplitudes, as previously observed for flow stabilization [22, [24] [25] [26] , and as shown in Fig. 15 . In practice, when the control amplitude increases, it may happen that the actual efficiency is limited by deviation from the sensitivity prediction (Sec. V A) or by the flow becoming linearly unstable (Sec. V B). This can be tested on a case-by-case basis, once promising control candidates have been identified. In this respect, the concept of second-order sensitivity and the associated optimization method allow for a systematic exploration of the best candidates for spanwise-periodic control.
VII. CONCLUSION
Initially motivated by the link between recirculation length and stability properties in separated amplifier flows, we have focused on the mean reattachment location as an indicator for the noise amplifying potential in a 3D backward facing step of expansion ratio of 2 and fixed Reynolds number Re = 500. In this context, our goal was to control the reattachment location on the BFS lower wall with optimal spanwise-periodic control (steady wall blowing/suction or wall deformation) based on the second-order sensitivity analysis introduced by [31] for the linear stability properties of the circular cylinder flow.
A second-order sensitivity tensor for the reattachment location has been derived, such that modification of the reattachment location is obtained as a scalar product of this tensor and any arbitrary control. For the specific case of spanwise-harmonic control, the sensitivity tensor was then further simplified, i.e. made independent of z. When the control is spanwise harmonic, the first-order reattachment modification takes the same wavenumber with zero mean value, while the second-order modification has a non-zero mean value. Thereby, we have looked for optimal controls that minimize the second-order mean correction.
For wall blowing/suction, we have shown that tangential control has a negligible influence while normal control is the most effective. The optimal wavenumber β depends on the control location: β = 0.6 is optimal when controlling on the upper wall, and β = 1 when controlling on the upstream lower wall control. The linear gain for this actuation resembles the optimal gain for 3D steady forcing, indicating that the amplification potential of the BFS is indeed linked to the recirculation length, as also observed in [3] . Three-dimensional direct numerical simulations have validated the quadratic behaviour of the mean reattachment length modification. The sensitivity prediction is valid until a control amplitude 0.001; for larger amplitudes, DNS results start to deviate from the quadratic prediction.
Optimal wall deformation has been studied too. We have focused on deformation of the upstream lower wall, restricting the wall deformation to be null at the step corner. The optimal wall control is generally less effective than wall optimal blowing/suction, and its optimal wavenumber is β = 1.1. DNS validation has shown that the sensitivity prediction is valid until a deformation amplitude 0.008; beyond that, the optimal control destabilizes the flow.
Finally, the optimal 3D spanwise-periodic control was compared to the optimal 2D control. The resulting wall shear stress (directly linked to the modification of the reattachment location) is two or three orders of magnitude larger for 3D controls than for 2D ones. Since 2D and 3D controls depend linearly and quadratically on the control amplitude, respectively, the 3D control is more efficient for large enough control amplitudes. In order to determine which of the two controls is best at which amplitude, additional studies are required once the optimal 3D control has been identified. This limitation can be tackled if the mean flow modification is taken into account in the optimization, for instance with a semi-linear approach [40, 41] .
We have not systematically investigated the stability of the controlled flow. Although the spanwise-periodic first-order flow modification does not induce any mean variation of x r , it may still alter the flow stability. Clarifying whether this is the case or not would be possible, for a given control, using linear stability analysis (Floquet or 3D global), or non-linear DNS. with δ(x) the Dirac delta function. The second-order term thus becomes: 
Let us consider the first term x r2,I in (16)- (18) . Given the form of Q 1 , the right-hand side −U 1 · ∇U 1 of (10) is the sum of 2D and 3D terms:
The spanwise-harmonic forcing f 3D (x, y, z) induces a 3D spanwise-harmonic response Q 3D 2 (x, y, z) that yields a zero-mean variation x 
